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L’approfondimento seguente ha origine da un’idea nata durante un progetto organizzato dalla 

scuola, il “Progetto Archimede”, che ha permesso a me e alla mia compagna di classe di fare 

un’esperienza sui circuiti RL, che ci ha consentito di scoprire una funzione particolare che un 

po’ alla volta ci ha affascinato sempre di più. All’inizio avevamo ipotizzato una semplice 

funzione caratterizzata da due equazioni esponenziali ma successivamente studiandola ci siamo 

accorti che era molto più particolare di così, una funzione unica su cui si potrebbe lavorare per 

una vita e ogni volta scoprire qualcosa di speciale.

A mio parere questa funzione, pur rappresentando i cicli di un circuito RL mostra come la 

matematica vada oltre le altre scienze, è un’affascinante avventura dell’immaginazione, un 

processo creativo e gratificante di invenzione e scoperta che permette al matematico di uscire 

dal mondo reale per rivelare un nuovo universo da scoprire ogni volta che inizia a studiare ogni 

problema, un universo che si espande ogni giorno di più e in cui il matematico si perde.

Questa tesina è stata elaborata da me e dalla mia compagna di classe, Francesca Zaffalon, e ci 

siamo divisi lo studio delle equazioni in due parti: io mi sono concentrato maggiormente sulla 

funzione in sé e sul suo grafico, analizzando il primo ciclo e successivamente 300 cicli mentre 

Francesca ha studiato i massimi e i minimi e in seguito una proprietà della funzione, la 

lipschitzianeità.



✷ ❈✐r❝✉✐t♦ ❘▲

❯♥ ❝✐r❝✉✐t♦ è ❞❡tt♦ ✧❝✐r❝✉✐t♦ ❘▲✧ s❡ è ❢♦r♠❛t♦ ❞❛ ✉♥❛ r❡s✐st❡♥③❛ R ❡ ✉♥✬✐♥❞✉tt❛♥③❛ L
❝♦❧❧❡❣❛t❡ ✐♥ s❡r✐❡ ❛ ✉♥❛ ❜❛tt❡r✐❛ ❞✐ ❢♦r③❛ ❡❧❡ttr♦♠♦tr✐❝❡ V0 ❡ ❛ ✉♥ ✐♥t❡rr✉tt♦r❡✳ ▲❛ r❡s✐st❡♥③❛
è ❧❛ t❡♥❞❡♥③❛ ❞✐ ✉♥ ♦❣❣❡tt♦ ❛ ♦st❛❝♦❧❛r❡ ✐❧ ♣❛ss❛❣❣✐♦ ❞❡❣❧✐ ❡❧❡ttr♦♥✐✱ ✐❧ ❧♦r♦ ♠♦✈✐♠❡♥t♦ è
✐♥❢❛tt✐ s❡♠♣r❡ ✐♥ ♣❛rt❡ r❛❧❧❡♥t❛t♦✿ ❛✣♥❝❤é ❣❧✐ ❡❧❡ttr♦♥✐ r✐❡s❝❛♥♦ ❛ ✈✐♥❝❡r❡ ❧❛ r❡s✐st❡♥③❛ ❞❡❧
✜❧♦ ❞❡✈❡ ❡ss❡r❡ ❛♣♣❧✐❝❛t❛ ✉♥❛ ❞✐✛❡r❡♥③❛ ❞✐ ♣♦t❡♥③✐❛❧❡ ❛❣❧✐ ❡str❡♠✐ ❞✐ q✉❡st♦✳ ▲❛ ❞✐✛❡r❡♥③❛
❞✐ ♣♦t❡♥③✐❛❧❡ ♦ ❢♦r③❛ ❡❧❡ttr♦♠♦tr✐❝❡ è q✉❡❧❧❛ ❣r❛♥❞❡③③❛ ❝❤❡ ♠✐s✉r❛ ✐❧ ❧❛✈♦r♦ ❝♦♠♣✐✉t♦ ❞❛
✉♥❛ ❜❛tt❡r✐❛ ❞✐ ❢❡♠ V0 ♣❡r tr❛s♣♦rt❛r❡ ✉♥❛ ❝❛r✐❝❛ ∆◗ ❞❛ ✉♥♦ ❞❡✐ ❞✉❡ ♣♦❧✐ ❞❡❧❧❛ ❜❛tt❡r✐❛
❛❧❧✬❛❧tr♦✳ ▲✬✐♥❞✉tt❛♥③❛ è ❞❡✜♥✐t❛ ❝♦♠❡ ✐❧ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ❞❡❧ r❛♣♣♦rt♦ tr❛ ✐❧ ✢✉ss♦ ❞❡❧ ❝❛♠♣♦
♠❛❣♥❡t✐❝♦ ❝♦♥❝❛t❡♥❛t♦ ❛❧ ❝✐r❝✉✐t♦ ❡ ❧✬✐♥t❡♥s✐tà ❞✐ ❝♦rr❡♥t❡✳ ❊ss❛ q✉✐♥❞✐ è ❧❛ ♣r♦♣r✐❡tà ✜s✐❝❛
❞✐ ✉♥ ❝♦r♣♦ ❝❤❡ t❡♥❞❡ ❛ ♦♣♣♦rs✐ ❛❧❧❛ ✈❛r✐❛③✐♦♥❡ ❞✐ ❝❛♠♣♦ ♠❛❣♥❡t✐❝♦✳

▲✬✐♥❞✉tt❛♥③❛ ✐♠♣❡❞✐s❝❡ ❛❧❧❛ ❝♦rr❡♥t❡ ❞✐ ❝r❡s❝❡r❡ ❧✐♥❡❛r♠❡♥t❡ ❡ ♥♦♥ r❡♥❞❡ ♣♦ss✐❜✐❧❡ ✐❧
❢❛❝✐❧❡ r❛❣❣✐✉♥❣✐♠❡♥t♦ ❞❡❧ s✉♦ ✈❛❧♦r❡ ✜♥❛❧❡✳ ❆❧ ❝✐r❝✉✐t♦ è ❛ss♦❝✐❛t♦ ✉♥ t❡♠♣♦ ❝❛r❛tt❡r✐st✐❝♦
❞❡✜♥✐t♦ ❝♦♠❡ ✐❧ r❛♣♣♦rt♦ tr❛ ❧✬✐♥❞✉tt❛♥③❛ ❡ ❧❛ r❡s✐st❡♥③❛

τ =
L

R

▲❛ ❝❛r✐❝❛ ❞❡❧ ❝✐r❝✉✐t♦ ❘▲ ♣✉ò ❡ss❡r❡ ❞❡s❝r✐tt❛ ❝♦♥ ❧❛ ❢✉♥③✐♦♥❡✿

I =
V0

R
(1− e−

t
τ )

◗✉❡st❛ ❝♦st❛♥t❡ ❞✐ t❡♠♣♦ τ r❛♣♣r❡s❡♥t❛ ✐❧ t❡♠♣♦ ❝❤❡ ❝✐ ♠❡tt❡r❡❜❜❡ ✐❧ ❝✐r❝✉✐t♦ ❛
❝❛r✐❝❛rs✐ ❝♦♠♣❧❡t❛♠❡♥t❡ s❡ ♥♦♥ ❝✐ ❢♦ss❡ ❧✬✐♥❞✉tt❛♥③❛✳

❙✐ ♣✉ò ♥♦t❛r❡ ✐♥❢❛tt✐ ❝❤❡ lim
L→0+

τ = lim
L→0+

L

R
= 0 ❡

lim
τ→0+

V0

R

(

1− e−
t
τ

)

=
V0

R

❙t✉❞✐❛♥❞♦ ❧❛ ❢✉♥③✐♦♥❡ s✐ ♥♦t❛ ❝❤❡ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❧❛ ❝♦rr❡♥t❡ r❛❣❣✐✉♥❣❡r❡❜❜❡ ✐❧ ✈❛❧♦r❡
♠❛ss✐♠♦ ❛ +∞ ♠❛ ✜s✐❝❛♠❡♥t❡ ❧❛ ❝❛r✐❝❛ s✐ ♣✉ò ❝♦♥s✐❞❡r❛r❡ ❝♦♥❝❧✉s❛ ❞♦♣♦ ✉♥ t❡♠♣♦ ♣❛r✐
❛ 5τ ✳

✺



✸ ❋✉♥③✐♦♥❡ ❞❡❧❧❛ ♣r✐♠❛ ❝❛r✐❝❛ ❡ s❝❛r✐❝❛

◆❡❧❧✬❡s♣❡r✐❡♥③❛ r❡❛❧✐③③❛t❛ ❞✉r❛♥t❡ ✐❧ ♣r♦❣❡tt♦ ❆r❝❤✐♠❡❞❡ s✐ ♣✉ò ♦ss❡r✈❛r❡ ♥❡❧ ♠♦♥✐t♦r
❞❡❧❧✬♦s❝✐❧❧♦s❝♦♣✐♦ ✐❧ ❣r❛✜❝♦ ❞❡❧❧❛ ❝❛r✐❝❛ ❡ ❞❡❧❧❛ s✉❝❝❡ss✐✈❛ s❝❛r✐❝❛ ❞❡❧ ❝✐r❝✉✐t♦ ❘▲✳ ▲✬♦❜✐❡tt✐✈♦
è q✉❡❧❧♦ ❞✐ ❞❡t❡r♠✐♥❛r❡ ❧✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❛✈❡♥t❡ t❛❧❡ ❣r❛✜❝♦✳ Pr✐♠♦ ❛s♣❡tt♦ ❞❛
♦ss❡r✈❛r❡ è ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ s❡♠❜r❛ ❝♦♥t✐♥✉❛ ❡ ♣❡r✐♦❞✐❝❛✳ ▲❛ ❢✉♥③✐♦♥❡ ❞✐ ❝❛r✐❝❛ ❞❡❧ ❝✐r❝✉✐t♦
❘▲ s✐ r✐❝❛✈❛ ❞❛❧❧❛ s♦❧✉③✐♦♥❡ ❞❡❧❧✬❡q✉❛③✐♦♥❡ ❞✐✛❡r❡♥③✐❛❧❡✿

V (t) = −L
dI(t)

dt
+RI(t)

❞♦✈❡ V (t) è ♣❛r✐ ❛❧❧❛ s♦♠♠❛ ❞❡❧ ♣♦t❡♥③✐❛❧❡ ❛✐ ❝❛♣✐ ❞❡❧❧❛ r❡s✐st❡♥③❛ RI (t) ❡ ❞❡❧ ♣♦t❡♥✲

③✐❛❧❡ ❛✐ ❝❛♣✐ ❞❡❧❧❛ ❜❛tt❡r✐❛ −L
dI(t)

dt
❡ r✐s✉❧t❛ q✉✐♥❞✐ ♣❛r✐ ❛

y = V0 ·
(

1− e−
x
τ

)

❙❛♣❡♥❞♦ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❝❛r✐❝❛ è ❛♣♣r♦ss✐♠❛❜✐❧❡ ❛ ✉♥✬❡s♣♦♥❡♥③✐❛❧❡✱ s✐ ♣✉ò r✐❝❛✈❛r❡
❧❛ ❢✉♥③✐♦♥❡ ❞✐ s❝❛r✐❝❛ ❛ttr❛✈❡rs♦ ❞❡❧❧❡ s✐♠♠❡tr✐❡✿

y = V0 · e−
x
τ

❉❛❧ ♣✉♥t♦ ❞✐ ✈✐st❛ ✜s✐❝♦ ❧❛ ❢✉♥③✐♦♥❡ ❝r❡s❝❡ ✐♥✐③✐❛❧♠❡♥t❡ ✈❡❧♦❝❡♠❡♥t❡ ❡ ♣♦✐ s❡♠♣r❡ ♣✐ù
❧❡♥t❛♠❡♥t❡✿ ✐❧ ❝✐r❝✉✐t♦✱ ❝✐♦è✱ ♥♦♥ s✐ ❝❛r✐❝❛ ♠❛✐ ❛❧ 100% ❞✐ V0

R
❡ ❧❛ ❝❛r✐❝❛ ✈✐❡♥❡ ♣❡r❝✐ò

s♦❧✐t❛♠❡♥t❡ ❝♦♥s✐❞❡r❛t❛ ❝♦♥❝❧✉s❛ q✉❛♥❞♦ ❧❛ ❝♦rr❡♥t❡ r❛❣❣✐✉♥❣❡ ✐❧ ✈❛❧♦r❡ ❞✐ 1 − e−5 =
99, 3262% ❞✐ V0✳ ▲✬✐♠♣✉❧s♦ ♥❡❝❡ss❛r✐♦ ♣❡r r❛❣❣✐✉♥❣❡r❡ ❛❧♠❡♥♦ q✉❡st♦ ✈❛❧♦r❡ ❡ q✉✐♥❞✐
♣❡r❝❤é ✐❧ ♣r♦❝❡ss♦ s✐ ♣♦ss❛ ❝♦♥s✐❞❡r❛r❡ ❡s❛✉r✐t♦ ❞❡✈❡ ❛✈❡r❡ ❞✉r❛t❛ q✉❛❧s✐❛s✐ ♠❛❣❣✐♦r❡ ♦
✉❣✉❛❧❡ ❞✐ 5τ ✳

P❛rt❡♥❞♦ ❞❛ q✉❡st✐ ❞❛t✐ ✜s✐❝✐✱ ❛❜❜✐❛♠♦ ❝♦str✉✐t♦ ✉♥ ♠♦❞❡❧❧♦ ♠❛t❡♠❛t✐❝♦ s✉♣♣♦♥❡♥❞♦
❝❤❡ ❧❛ ❢r❡q✉❡♥③❛ ❞❡❧❧✬✐♠♣✉❧s♦ s✐❛ ❡s❛tt❛♠❡♥t❡ 5τ ✳ ❉✐ ❝♦♥s❡❣✉❡♥③❛ ✉♥❛ ❝❛r✐❝❛ ❡ ✉♥❛ s❝❛r✐❝❛
❛✈✈❡♥❣♦♥♦ ✐♥ 10τ ✳

▲❛ ❢✉♥③✐♦♥❡ y = V0(1− e−
x
τ ) ♣❛rt❡ ❞❛❧❧✬♦r✐❣✐♥❡ ❞❡❧ s✐st❡♠❛ ❞✐ r✐❢❡r✐♠❡♥t♦ ❡ ✐♥ 5τ ❛rr✐✈❛

❛❧ ♣✉♥t♦ M1(5τ ;V0(1− e−5))✳ P❡r r❡♥❞❡r❡ ❧❛ ❢✉♥③✐♦♥❡ ❝♦♥t✐♥✉❛ ❧❛ s❝❛r✐❝❛ ❞❡✈❡ ♣❛rt✐r❡ ❞❛❧
♣✉♥t♦M1✳ ▲✬✐♥❞✉tt❛♥③❛✱ ✐♥ ♠♦❞♦ ❛♥❛❧♦❣♦ ❛❧❧❛ ❝❛r✐❝❛✱ ✐♥ ✉♥ ♣❡r✐♦❞♦ ♣❛r✐ ❛ 5τ ♥♦♥ s✐ s❝❛r✐❝❛
❞❡❧ ✶✵✵✪ ♠❛ s♦❧♦ ✜♥♦ ❛❧ 1− e−5 = 99, 3262% ❞❛❧ ✈❛❧♦r❡ ❞✐ ♣❛rt❡♥③❛✳ ◗✉✐♥❞✐ s❡ ❧❛ s❝❛r✐❝❛
♣❛rt❡ ❞❛❧ ✈❛❧♦r❡ V0(1− e−5) ❛rr✐✈❛ ❛ V0(1− e−5)e−5 ❝✐♦è ❛❧ ♣✉♥t♦ m1(10τ ;V0(1− e−5)e−5)✳

❙❛♣❡♥❞♦ ❝❤❡ ✐❧ ♠♦❞❡❧❧♦ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❛ s❝❛r✐❝❛ è ❞❡❧ t✐♣♦ f(x) = a · e−bx+c + d
♣♦ss✐❛♠♦ r✐❝❛✈❛r❧❛✱ s❡♥③❛ ❧✬✉s♦ ❞❡❧❧❡ ❡q✉❛③✐♦♥✐ ❞✐✛❡r❡♥③✐❛❧✐✱ ✐♠♣♦♥❡♥❞♦ ✐❧ ♣❛ss❛❣❣✐♦ ❞❡❧❧❛
❢✉♥③✐♦♥❡ ♣❡r ✐ ♣✉♥t✐ M1 ❡ m1

{

f (5τ) = V0 (1− e−5)
f (10τ) = V0 (1− e−5) e−5

❉❛ ❝✉✐ s✐ r✐❝❛✈❛✿
y = V0e

−
x
τ
+ln(1−e−5)+5

❙✐ ♣✉ò q✉✐♥❞✐ ❞❡s❝r✐✈❡r❡ ❧✬❛♥❞❛♠❡♥t♦ ❞❡❧❧❛ ♣r✐♠❛ ❝❛r✐❝❛ ❡ ❞❡❧❧❛ s✉❝❝❡ss✐✈❛ s❝❛r✐❝❛ ❝♦♥ ❧❛
❢✉♥③✐♦♥❡✿

✻



f(x) =







V0

(

1− e−
x
τ

)

s❡ 0 ≤ x < 5τ

V0e
−

x
τ
+ln(1−e−5)+5 s❡ 5τ ≤ x ≤ 10τ

❱❡r✐✜❝❤✐❛♠♦ ❝❤❡ ❧❛ t❛♥❣❡♥t❡ ❛❧❧❛ ❢✉♥③✐♦♥❡ ✐♥ O(0; 0) ✐♥❝♦♥tr✐ ❧❛ r❡tt❛ ❞✐ ❡q✉❛③✐♦♥❡
y = V0 ✐♥ x = τ ✳ ▲❛ ❞❡r✐✈❛t❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ f(x) è✿

f ′(x) =















V0

τe
x
τ

s❡ 0 ≤ x < 5τ

−V0

τ
e

−x
τ

+ln(e5−1) s❡ 5τ ≤ x ≤ 10τ

▲❛ ❢✉♥③✐♦♥❡ è ❝♦♥t✐♥✉❛ ♠❛ ♥♦♥ è ❞❡r✐✈❛❜✐❧❡ ✐♥ t✉tt✐ ✐ s✉♦✐ ♣✉♥t✐✱ ✐♥❢❛tt✐

f ′

−
(5τ) = limx→5−τ

V0

τe
x
τ

=
V0

τe5

f ′

+(5τ) = limx→5+τ−
V0

τ
e

−x
τ

+ln(e5−1) = −V0

τ
e−5+ln(e5−1)

♥❡❧ ♣✉♥t♦ M1 (5τ ;V0(1− e−5) ❧❛ ❢✉♥③✐♦♥❡ ♣r❡s❡♥t❛ q✉✐♥❞✐ ✉♥ ♣✉♥t♦ ❛♥❣♦❧♦s♦✳
■♥ ♣❛rt✐❝♦❧❛r❡ ❧✬❡q✉❛③✐♦♥❡ ❞❡❧❧❛ r❡tt❛ t❛♥❣❡♥t❡ ✐♥ O ♣✉ò ❡ss❡r❡ ❝❛❧❝♦❧❛t❛ ❛ttr❛✈❡rs♦

❧✬✉t✐❧✐③③♦ ❞❡❧❧❛ ❢♦r♠✉❧❛ ❞❡❧ ❢❛s❝✐♦ ❞✐ r❡tt❡ y−y0 = m (x− x0) ❞♦✈❡ x0 ❡ y0 s♦♥♦ ❧❡ ❝♦♦r❞✐♥❛t❡
❞❡❧ ♣✉♥t♦ O✳ ◗✉❡st❛ r✐s✉❧t❛ q✉✐♥❞✐ ♣❛r✐ ❛

y =
V0

τ
x

❡ r✐s♦❧✈❡♥❞♦ ✐❧ s✐st❡♠❛✿

{

y =
V0

τ
x

y = V0

♣♦ss✐❛♠♦ ♥♦t❛r❡ ❝❤❡ ❧❛ t❛♥❣❡♥t❡ ✐♥t❡rs❡❝❛ ❧❛ r❡tt❛ y = V0 ♥❡❧ ♣✉♥t♦ T1 (τ ;V0)✳

✼



❆❜❜✐❛♠♦ q✉✐♥❞✐ ❞❡❝✐s♦ ❞✐ ❝❛❧❝♦❧❛r❡ ❧❛ t❛♥❣❡♥t❡ ✐♥ 5+ ♣❡r ✈❡❞❡r❡ s❡ ❧✬✐♥t❡rs❡③✐♦♥❡ ❞✐
q✉❡st❛ ❝♦♥ ❧❛ r❡tt❛ y = 0 ♣r❡s❡♥t❛ ❞❡❧❧❡ s✐♠♠❡tr✐❡ ❝♦♥ ✐❧ ♣✉♥t♦ ♣r❡❝❡❞❡♥t❡✳ ▲❛ t❛♥❣❡♥t❡ ✐♥
M1 (5τ ;V0(1− e−5)) ♣✉ò ❡ss❡r❡ ❝❛❧❝♦❧❛t❛ ❝♦♠❡ ❧❛ ♣r❡❝❡❞❡♥t❡✳ ❉❛❧ ♠♦♠❡♥t♦ ❝❤❡ ✐♥ q✉❡st♦
♣✉♥t♦ ❧❛ ❢✉♥③✐♦♥❡ ♥♦♥ è ❞❡r✐✈❛❜✐❧❡✱ ♣♦✐❝❤é ♣r❡s❡♥t❛ ✉♥ ♣✉♥t♦ ❛♥❣♦❧♦s♦✱ ❝♦♥s✐❞❡r✐❛♠♦ ❧❛
❞❡r✐✈❛t❛ ❞❡str❛ f ′

+(5τ)✳ ◗✉❡st❛ ❤❛ ❡q✉❛③✐♦♥❡

y = −V0

τ

(

1− e−5
)

· x+ 6V0

(

1− e−5
)

✳
❘✐s♦❧✈❡♥❞♦ ✐❧ s✐st❡♠❛✿

{

y = −V0

τ
(1− e−5) · x+ 6V0 (1− e−5)

y = 0

♣♦ss✐❛♠♦ ♥♦t❛r❡ ❝❤❡ ❧✬✐♥t❡rs❡③✐♦♥❡ ❞❡❧❧❛ t❛♥❣❡♥t❡ ❞❡str❛ ✐❧ M1 ❝♦♥ ❧✬❛ss❡ x ❝♦rr✐s♣♦♥❞❡
❛❧ ♣✉♥t♦ T2 (6τ ; 0)

✹ ❋✉♥③✐♦♥❡ ❣❡♥❡r❛❧❡

❈♦♠❡ ❛❜❜✐❛♠♦ ♣r❡❝❡❞❡♥t❡♠❡♥t❡ ✈✐st♦ ✐❧ ❝✐r❝✉✐t♦ ♥♦♥ s✐ ❝❛r✐❝❛✴s❝❛r✐❝❛ ♠❛✐ ❞❡❧ ✶✵✵✪ ♠❛
s♦❧♦ ❞❡❧ 1− e−5 = 99, 3262% r✐s♣❡tt♦ ❛❧ ♠✐♥✐♠♦✴♠❛ss✐♠♦ ♣r❡❝❡❞❡♥t❡✳ ❈✐♦è✿

Mn −mn−1 =
(

1− e−5
)2n−1

❈♦♥ q✉❡st♦ r❛❣✐♦♥❛♠❡♥t♦ ❛❜❜✐❛♠♦ ❝❛❧❝♦❧❛t♦ ✐ ♣r✐♠✐ ✸ ♣✉♥t✐ ❞✐ ♠❛ss✐♠♦ ❞❡❧❧❛ ❢✉♥③✐♦♥❡
❝❤❡ ❤❛♥♥♦ ❝♦♦r❞✐♥❛t❡✿

M1

(

5τ ;V0(1− e−5)
)

M2

(

15τ ;V0[(1− e−5)− (1− e−5)2 + (1− e−5)3]
)

M3

(

25τ ;V0[(1− e−5)− (1− e−5)2 + (1− e−5)3 − (1− e−5)4 + (1− e−5)5]
)

✽



❆❧❧♦ st❡ss♦ ♠♦❞♦ ❛❜❜✐❛♠♦ ❝❛❧❝♦❧❛t♦ ✐ ♣r✐♠✐ ✸ ♣✉♥t✐ ❞✐ ♠✐♥✐♠♦ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✐
❝♦♦r❞✐♥❛t❡✿

m1

(

10τ ;V0[(1− e−5)− (1− e−5)2]
)

m2

(

20τ ;V0[(1− e−5)− (1− e−5)2 + (1− e−5)3 − (1− e−5)4]
)

m3

(

30τ ;V0[(1− e−5)− (1− e−5)2 + (1− e−5)3 − (1− e−5)4 + (1− e−5)5 − (1− e−5)6]
)

●❡♥❡r❛❧✐③③❛♥❞♦ ✐❧ ♥♦str♦ r❛❣✐♦♥❛♠❡♥t♦ ❛❜❜✐❛♠♦ ❝❛❧❝♦❧❛t♦ ❧❡ ❝♦♦r❞✐♥❛t❡ ❞❡✐ ♣✉♥t✐ ❞✐
♠❛ss✐♠♦ ❡ ❞✐ ♠✐♥✐♠♦ r❡❧❛t✐✈♦ ❞❡❧❧❛ ❢✉♥③✐♦♥❡

Mn

(

5τ (2n− 1) ;V0

2n−1
∑

k=1

(−1)k+1
(

1− e−5
)k

)

mn

(

10nτ ;V0

2n
∑

k=1

(−1)k+1
(

1− e−5
)k

)

❝♦♥ n ∈ N ❡ n ≥ 1✳
❉❛ q✉❡st❡ ❝♦♦r❞✐♥❛t❡✱ s❛♣❡♥❞♦ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ❞♦✈❡✈❛ ❡ss❡r❡ ❞❡❧ t✐♣♦✿

f(x) =











V0a · e−
x·b
τ

+c + d

y = V0

(

1− f · e−xg

τ
+h + i

)

❛❜❜✐❛♠♦ ❝♦str✉✐t♦ ✉♥ s✐st❡♠❛ ♣❡r ❞❡t❡r♠✐♥❛r❡ ❧❛ ❢✉♥③✐♦♥❡ ❞✐ ✉♥❛ ❝❛r✐❝❛✴s❝❛r✐❝❛ n✳
❉❛ q✉❡st✐ s✐st❡♠✐ ❛❜❜✐❛♠♦ q✉✐♥❞✐ r✐❝❛✈❛t♦ ❧❛ ❢✉♥③✐♦♥❡✿

f(x) =































V0






1− e

−x
5τ

·ln





1−(e−5
−1)

2n−1

1−(e−5
−1)2n



+(2n−1)·ln





1−(e−5
−1)

2n−1

2−e−5



+(−2n+2)·ln





1−(e−5
−1)

2n

2−e−5











V0 · e
−x
5τ

·ln

(

e−5
−1−(e−5

−1)2n

−1+e−5
−(e−5

−1)2n+1

)

+2nln





e−5
−1−(e−5

−1)
2n

e−5
−2



+(−2n+1)ln





−1+e−5
−(e−5

−1)
2n+1

e−5
−2





P❡r ❞✐s❡❣♥❛r❡ ❧❛ ❢✉♥③✐♦♥❡ ✜♥♦ ❛ ✉♥❛ ❝❛r✐❝❛✴s❝❛r✐❝❛ n✱ ❛❜❜✐❛♠♦ ❡❧❛❜♦r❛t♦ ✉♥ ♣r♦❣r❛♠♠❛
✐♥ ❣❡♦❣❡❜r❛✳

▲❡ ❢✉♥③✐♦♥✐ f (x, z) ❡ l (x, z) r❛♣♣r❡s❡♥t❛♥♦ r✐s♣❡tt✐✈❛♠❡♥t❡ ❧❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❛ s❝❛r✐❝❛
❡ q✉❡❧❧❛ ❞❡❧❧❛ ❝❛r✐❝❛ ❞✐ ✉♥ ❝✐r❝✉✐t♦ ❘▲ ❞♦✈❡ z ✐♥❞✐❝❛ ✐❧ ♥✉♠❡r♦ ❞✐ ❝❛r✐❝❛ ❡ s❝❛r✐❝❛ ❝❤❡
✈♦❣❧✐❛♠♦ r❛♣♣r❡s❡♥t❛r❡✳ ◗✉❡st♦ ✈❛❧♦r❡ ✈✐❡♥❡ ✐♥s❡r✐t♦ tr❛♠✐t❡ ❧♦ s❧✐❞❡r✿ ✐♥ q✉❡st♦ ❝❛s♦ ❧❛
✈❛r✐❛❜✐❧❡ è ❝♦♠♣r❡s❛ tr❛ ✐ ✈❛❧♦r✐ 1 ❡ 300 ♠❛ s✐ ♣✉ò ❛♠♣❧✐❛r❡ ♦ r❡str✐♥❣❡r❡ ❛ s❡❝♦♥❞❛ ❞❡❧❧❡
♣r♦♣r✐❡ ❡s✐❣❡♥③❡✳

▲❡ ❢✉♥③✐♦♥✐ g (x, z) ❡ n (x, z) s❡r✈♦♥♦ ♣❡r ❧✐♠✐t❛r❡ ❧❡ ❡q✉❛③✐♦♥✐ f (x, z) ❡ l (x, z) ♥❡✐
5τ ❝❤❡ ❛❜❜✐❛♠♦ ✐♠♣♦st♦ ❝♦♠❡ ❢r❡q✉❡♥③❛ ❞❡❧❧✬✐♠♣✉❧s♦✳ ■ ❧✐♠✐t✐ ❞❡❧❧❡ ❞✉❡ ❢✉♥③✐♦♥✐ f (x, z)
❡ l (x, z) ❞❡✈♦♥♦ ❡ss❡r❡ ❞✐✈❡rs✐ ♣❡r❝❤é✱ ♣r❡♥❞❡♥❞♦ ✐♥ ❝♦♥s✐❞❡r❛③✐♦♥❡ ❛❞ ❡s❡♠♣✐♦ ✐❧ ♣r✐♠♦
❝✐❝❧♦ ❞✐ ❝❛r✐❝❛✴s❝❛r✐❝❛✱ ❧❛ ❢✉♥③✐♦♥❡ ❞❡❧❧❛ ❝❛r✐❝❛ è ❝♦♠♣r❡s❛ ♥❡❧❧✬✐♥t❡r✈❛❧❧♦ [0; 5τ ] ♠❡♥tr❡
❧❛ s❝❛r✐❝❛ ♥❡❧❧✬✐♥t❡r✈❛❧❧♦ ]5τ ; 10τ ]✿ ♣❡r q✉❡st♦ ♠♦t✐✈♦ s♦♥♦ ♥❡❝❡ss❛r✐❡ tr❡ r❡tt❡ a(z)✱ b(z)✱
d(z) ♣❡r ❧✐♠✐t❛r❡ ✐ ✈❛r✐ r❛♠✐ ❞❡❧❧❛ ❢✉♥③✐♦♥❡✳

✾



■♥✜♥❡ ❧❡ ❞✉❡ ❧✐st❡ ♣❡r♠❡tt♦♥♦ ❞✐ r❛♣♣r❡s❡♥t❛r❡ ✉♥❛ s❡r✐❡ ❞✐ ❝♦♣♣✐❡ ❞✐ ❝❛r✐❝❛✴s❝❛r✐❝❛✱
❞❛❧❧❛ ♣r✐♠❛ ✜♥♦ ❛❧❧❛ z ❝❤❡ ❞❡❝✐❞✐❛♠♦ ❛ttr✐❜✉❡♥❞♦ ✉♥ ✈❛❧♦r❡ ❛❧❧♦ s❧✐❞❡r✳

■♥ q✉❡st♦ ♠♦❞♦✱ ❛ttr✐❜✉❡♥❞♦ ❛❧❧♦ s❧✐❞❡r ✐❧ ✈❛❧♦r❡ z = 3 s✐❛♠♦ r✐✉s❝✐t✐ ❛ r❛♣♣r❡s❡♥t❛r❡ ✐
♣r✐♠✐ tr❡ r❛♠✐ ❞✐ ❝❛r✐❝❛ ❡ ✐ ♣r✐♠✐ tr❡ r❛♠✐ ❞✐ s❝❛r✐❝❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡

❆❧❧♦ st❡ss♦ ♠♦❞♦ ❛❜❜✐❛♠♦ r❛♣♣r❡s❡♥t❛t♦✱ ♣♦♥❡♥❞♦ z = 300✱ ❧❡ ♣r✐♠❡ 300 s❡r✐❡ ❞✐ ❝❛r✐❝❛
❡ s❝❛r✐❝❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡✳

❖ss❡r✈❛♥❞♦ ❡♥tr❛♠❜✐ ✐ ❣r❛✜❝✐ ♣♦ss✐❛♠♦ ♥♦t❛r❡ ❝♦♠❡ ♠❛♥ ♠❛♥♦ ❝❤❡ s✐ ♣r♦s❡❣✉❡ ♥❡❧
✈❡rs♦ ❞❡❧❧✬❛ss❡ x ✐ ♣✉♥t✐ ❞✐ ♠❛ss✐♠♦ r✐s✉❧t✐♥♦ s❡♠♣r❡ ♣✐ù ❞✐st❛♥t✐ ❞❛❧❧❛ r❡tt❛ y = V0 ❡✱ ❛❧❧♦
st❡ss♦ ♠♦❞♦✱ ❛♥❝❤❡ ✐ ♣✉♥t✐ ❞✐ ♠✐♥✐♠♦ s✐ ❛❧❧♦♥t❛♥❛♥♦ ❞❛❧❧❛ r❡tt❛ y = 0✳

✶✵





✺ ▼❛ss✐♠✐ ❡ ♠✐♥✐♠✐ ❞❡❧❧❛ ❢✉♥③✐♦♥❡

❆❜❜✐❛♠♦ ✈✐st♦ ❝❤❡ ❧❛ ❝♦♦r❞✐♥❛t❛ y ❞❡✐ ♣✉♥t✐ ❞✐ ♠❛ss✐♠♦ ❡ ♠✐♥✐♠♦ è r❛♣♣r❡s❡♥t❛t❛ ✐♥
❡♥tr❛♠❜✐ ✐ ❝❛s✐ ❞❛ ✉♥❛ s♦♠♠❛t♦r✐❛✳

❈❡r❝❤✐❛♠♦ q✉✐♥❞✐ ❞✐ ❝❛♣✐r❡ s❡ ❧❡ s❡r✐❡ V0·
∞
∑

k=1

(−1)k+1 (1− e−5)
k

❡ V0·
2n
∑

k=1

(−1)k+1 (1− e−5)
k

❝♦♥✈❡r❣♦♥♦ ❡❞✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ❛ ❝❤❡ ❧✐♠✐t✐✳
❙❡ ❝♦♥s✐❞❡r✐❛♠♦ ❧❛ ♣r✐♠❛✱ ♣♦ss✐❛♠♦ ♦ss❡r✈❛r❡ ❝❤❡

2n−1
∑

k=1

(−1)k+1
(

1− e−5
)k

=
2n−1
∑

k=1

(−1)k(−1)
(

1− e−5
)k

= −
2n−1
∑

k=1

(

e−5 − 1
)k

◗✉❡st❛ ♣✉ò q✉✐♥❞✐ ❡ss❡r❡ s❝r✐tt❛ ❝♦♥ ❧❛ s❡r✐❡ ❣❡♦♠❡tr✐❝❛

∞
∑

k=1

(

e−5 − 1
)k

❡✱ ♣♦✐❝❤é |e−5 − 1| ≤ 1✱ ❡ss❛ ❝♦♥✈❡r❣❡✳ P✐ù ♣r❡❝✐s❛♠❡♥t❡

∞
∑

k=0

(

e−5 − 1
)k

=
1

1− (e−5 − 1)
=

1

2− e−5

◗✉✐♥❞✐

∞
∑

k=1

(

e−5 − 1
)k

=
∞
∑

k=0

(

e−5 − 1
)k − 1 =

e−5 − 1

2− e−5

❈♦♥❝❧✉❞❡♥❞♦

∞
∑

k=1

(−1)k+1
(

1− e−5
)k

= −
∞
∑

k=1

(

e−5 − 1
)k

=
1− e−5

2− e−5
=

e5 − 1

2e5 − 1

▲✬♦r❞✐♥❛t❛ ❞❡✐ ♣✉♥t✐ Mn t❡♥❞❡ q✉✐♥❞✐ ❛ V0 ·
e5 − 1

2e5 − 1
≈ V0 · 0, 498309819075486✳

❊✬ ♣♦ss✐❜✐❧❡ ❢❛r❡ ❧♦ st❡ss♦ r❛❣✐♦♥❛♠❡♥t♦ ❛♥❝❤❡ ❝♦♥ ❧❛ s♦♠♠❛t♦r✐❛
2n
∑

k=1

(−1)k+1 (1− e−5)
k
✱

✐♥❢❛tt✐

2n
∑

k=1

(−1)k+1
(

1− e−5
)k

=
2n
∑

k=1

(−1)k(−1)
(

1− e−5
)k

= −
2n
∑

k=1

(

e−5 − 1
)k

❆♥❝❤❡ ✐♥ q✉❡st♦ ❝❛s♦ q✉✐♥❞✐ s✐ tr❛tt❛ ❞✐ ✉♥❛ s❡r✐❡ ❣❡♦♠❡tr✐❝❛

∞
∑

k=1

(

e−5 − 1
)k
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❡✱ ♣♦✐❝❤é |e−5 − 1| ≤ 1✱ ❡ss❛ ❝♦♥✈❡r❣❡✳ ■♥ ♣❛rt✐❝♦❧❛r❡ ❡ss❡♥❞♦ ✉❣✉❛❧❡ ❛❧❧❛ ♣r❡❝❡❞❡♥t❡

−
∞
∑

k=1

(

e−5 − 1
)k

=
e5 − 1

2e5 − 1

▲✬♦r❞✐♥❛t❛ ❞❡✐ ♣✉♥t✐ mn t❡♥❞❡ q✉✐♥❞✐ ❛ V0 ·
e5 − 1

2e5 − 1
≈ V0 · 0, 498309819075486✳

▼♦❧t♦ ✐♥t❡r❡ss❛♥t❡ ♦ss❡r✈❛r❡ ❛♥❝❤❡ ❝❤❡ ❧❡ ♦r❞✐♥❛t❡ ❞❡✐ ♣✉♥t✐ Mn✱ s❡♥③❛ ❝♦♥s✐❞❡r❛r❡ V0✱
s♦♥♦ ✉♥❛ s✉❝❝❡ss✐♦♥❡ ❞✐ ♥✉♠❡r✐ ❝❤❡ ♣r❡s❡♥t❛ ✉♥❛ ❞❡✜♥✐③✐♦♥❡ r✐❝♦rs✐✈❛✳ ■♥❢❛tt✐✱ ✐♥❞✐❝❛♥❞♦
♣❡r s❡♠♣❧✐❝✐tà ❝♦♥ A = 1− e−5✱ ✐ ♣r✐♠✐ t❡r♠✐♥✐ s♦♥♦

S1 = A
S2 = A− A2 + A3 = S1 − A2 + A3

S3 = A− A2 + A3 − A4 + A5 = S2 − A4 + A5

✳✳✳
q✉✐♥❞✐ ♣♦ss✐❛♠♦ s❝r✐✈❡r❡

{

S1 = A
Sn = Sn−1 − A2n−2 + A2n−1

♦ ❛♥❝♦r❛ ♠❡❣❧✐♦

{

S1 = A
Sn = Sn−1 − A2n−2 (1− S1)

q✉✐♥❞✐ ❝♦♥ ✉♥ ♣✐❝❝♦❧♦ ❛❧❣♦r✐t♠♦ s✐ ♣✉ò ♦tt❡♥❡r❡ ✉♥ ❡❧❡♥❝♦ ❞✐ ✈❛❧♦r✐ ❣r❛♥❞✐ss✐♠♦ s❡ ♣✉r
✜♥✐t♦✳ ❊❝❝♦ ✉♥ ❡s❡♠♣✐♦ ✐♥ ✈❜❛✿

❆❜❜✐❛♠♦ q✉✐♥❞✐ ❝❡r❝❛t♦ ✉♥❛ ❢✉♥③✐♦♥❡ ❝❤❡ ❞❡s❝r✐✈❡ss❡ ❧✬❛♥❞❛♠❡♥t♦ ❞❡✐ ♠✐♥✐♠✐ ❡ ✉♥❛ ❝❤❡
❞❡s❝r✐✈❡ss❡ ❧✬❛♥❞❛♠❡♥t♦ ❞❡✐ ♠❛ss✐♠✐✳ ❙❡ ❝♦♥s✐❞❡r✐❛♠♦ ❧❛ s✉❝❝❡ss✐♦♥❡ ❞❡✐ ♣✉♥t✐ ❞✐ ♠✐♥✐♠♦
♣♦ss✐❛♠♦ ♥♦t❛r❡ ❝❤❡ ♣r❡s❡♥t❛♥♦ ✉♥ ❛s✐♥t♦t♦ ♦r✐③③♦♥t❛❧❡ ♣❛r✐ ❛❧ ✈❛❧♦r❡ ❛ ❝✉✐ ❝♦♥✈❡r❣♦♥♦ ❛

+∞ ♦✈✈❡r♦ y = V0 ·
e5 − 1

2e5 − 1
❆❜❜✐❛♠♦ q✉✐♥❞✐ ✐♣♦t✐③③❛t♦ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ❝❤❡ ❞❡s❝r✐✈❡ss❡ ♠❡❣❧✐♦ ❧✬❛♥❞❛♠❡♥t♦ ❞❡✐

♣✉♥t✐ ❞✐ ♠✐♥✐♠♦ ❢♦ss❡ ✉♥✬❡s♣♦♥❡♥③✐❛❧❡ ❞❡❧ t✐♣♦

n(x) = a
(

1− e−bx+c
)

+ d

❉❛❧ ♠♦♠❡♥t♦ ❝❤❡ ✐❧ ♣r✐♠♦ ♠✐♥✐♠♦ è ✐❧ ♣✉♥t♦ O (0; 0)✱ c = d = 0✳

✶✷
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P♦♥✐❛♠♦ ♣♦✐✿










lim
x→+∞

a
(

1− e−bx
)

= V0 ·
e5 − 1

2e5 − 1
❝♦♥❞✐③✐♦♥❡ ♣❡r ❧✬❛s✐♥t♦t♦ ♦r✐③③♦♥t❛❧❡

y (10τ) = V0 ·
[

(1− e−5)− (1− e−5)
2
]

❝♦♥❞✐③✐♦♥❡ ❞✐ ♣❛ss❛❣❣✐♦ ♣❡r ✐❧ ♣r✐♠♦ ♠✐♥✐♠♦

❖tt❡♥✐❛♠♦ ✐♥ q✉❡st♦ ♠♦❞♦ ❧❛ ❢✉♥③✐♦♥❡ ♣❛ss❛♥t❡ ♣❡r ✐ ♣✉♥t✐ ❞✐ ♠✐♥✐♠♦

n (x) = V0 ·
e5 − 1

2e5 − 1
·
(

1− e(
1
5
·ln(e5−1)−1)x

)

❆♥❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ❝❤❡ ❞❡s❝r✐✈❡ ❧✬❛♥❞❛♠❡♥t♦ ❞❡✐ ♠❛ss✐♠✐ ♣r❡s❡♥t❛ ✉♥ ❛s✐♥t♦t♦ ♦r✐③③♦♥t❛❧❡

♣❛r✐ ❛❧ ✈❛❧♦r❡ ❛ ❝✉✐ ❝♦♥✈❡r❣♦♥♦ ❛ +∞✱ y = V0 ·
e5 − 1

2e5 − 1
✳ P✐ù ✐♥ ♣❛rt✐❝♦❧❛r❡ q✉❡st❛ r✐s✉❧t❛

s✐♠♠❡tr✐❝❛ ❛ n(x) r✐s♣❡tt♦ ❛❧❧✬❛s✐♥t♦t♦ ♦r✐③③♦♥t❛❧❡ y = V0 ·
e5 − 1

2e5 − 1
✳ ❙♦st✐t✉✐❛♠♦ q✉✐♥❞✐







x′ = x

y′ = 2V0 ·
e5 − 1

2e5 − 1
− y

❛❧❧❛ ❢✉♥③✐♦♥❡ y′ =
e5 − 1

2e5 − 1
·
(

1− e(
1
5
·ln(e5−1)−1)x′

)

❡ ♦tt❡♥✐❛♠♦ ❧❛ ❢✉♥③✐♦♥❡ ♣❛ss❛♥t❡ ♣❡r ✐

♠❛ss✐♠✐

m(x) = V0 ·
e5 − 1

2e5 − 1
·
(

1 + e(
1
5
·ln(e5−1)−1)x

)

✻ ❋✉♥③✐♦♥❡ ❧✐♣s❝❤✐t③✐❛♥❛

❯♥❛ ❝❛r❛tt❡r✐st✐❝❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ❞✐ ❝❛r✐❝❛ ❡ s❝❛r✐❝❛ ❞✐ ✉♥ ❝✐r❝✉✐t♦ ❘▲ è ❧❛ ❧✐♣s❝❤✐t③✐❛♥❡✐tà✳

❉❡✜♥✐③✐♦♥❡ ✶ ❯♥❛ ❢✉♥③✐♦♥❡ f : [a; b] → R è ❞❡tt❛ ❧✐♣s❝❤✐t③✐❛♥❛ s❡ ❡s✐st❡ ✉♥❛ ❝♦st❛♥t❡

L ≥ 0✱ ❞❡tt❛ ❝♦st❛♥t❡ ❞✐ ▲✐♣s❝❤✐t③✱ t❛❧❡ ❝❤❡✿

| f (x)− f (y) |≤ L | x− y |, x, y ∈ [a; b]

✶✸
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❚❡♦r❡♠❛ ✶ ❙❡ ❧❛ ❢✉♥③✐♦♥❡ f : [a; b] → R è ❞❡r✐✈❛❜✐❧❡ ✐♥ ]a; b[ ❡ ❧❛ ❢✉♥③✐♦♥❡ ❞❡r✐✈❛t❛ ♣r✐♠❛

f ′ (x) è ❧✐♠✐t❛t❛ ✐♥ ]a; b[ ❛❧❧♦r❛ ❧❛ ❢✉♥③✐♦♥❡ f è ❧✐♣s❝❤✐t③✐❛♥❛ ✐♥ [a; b]✳

Dimostrazione.
❉❛❧ ♠♦♠❡♥t♦ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ❞❡r✐✈❛t❛ ♣r✐♠❛ f ′ (x) è ❧✐♠✐t❛t❛ ✐♥ ]a; b[✱ ❛❧❧♦r❛ ❡s✐st❡ ❞✐

s✐❝✉r♦ ✉♥ ♥✉♠❡r♦ k > 0 t❛❧❡ ❝❤❡✿

| f ′ (x) |≤ k, ∀x ∈ ]a; b[

❙✐❛♥♦ x✱ y ❞✉❡ ♣✉♥t✐ ❛♣♣❛rt❡♥❡♥t✐ ❛ [a; b] ❝♦♥ x < y✳ ◆❡❧❧✬✐♥t❡r✈❛❧❧♦ [x; y] ❧❛ ❢✉♥③✐♦♥❡
s♦❞❞✐s❢❛ ❧❡ ✐♣♦t❡s✐ ❞✐ ▲❛❣r❛♥❣❡ ✐♥❢❛tt✐✱ ❞❛❧ ♠♦♠❡♥t♦ ❝❤❡ è ❞❡r✐✈❛❜✐❧❡✱ è ❛♥❝❤❡ ❝♦♥t✐♥✉❛✳
P♦ss✐❛♠♦ q✉✐♥❞✐ s❝r✐✈❡r❡✿

f (y)− f (x)

y − x
= f ′ (z)

❞♦✈❡ ③ è ✉♥ ♣✉♥t♦ ✐♥t❡r♥♦ ❛❧❧✬✐♥t❡r✈❛❧❧♦ [x; y] t❛❧❡ ❝❤❡ x < z < y
P♦ss✐❛♠♦ q✉✐♥❞✐ s❝r✐✈❡r❡ ❛♥❝❤❡✿

∣

∣

∣

∣

f (y)− f (x)

y − x

∣

∣

∣

∣

=| f ′ (z) |≤ k

❉❛ q✉✐ ♣♦ss✐❛♠♦ r✐❝❛✈❛r❡

| f ′ (y)− f ′ (x) |≤ k· | y − x |

P♦♥❡♥❞♦ ❝♦♠❡ ♥✉♠❡r♦ ❞✐ ▲✐♣s❝❤✐t③ L = k✱ ♦tt❡♥✐❛♠♦

|f ′ (y)− f ′ (x) | ≤ L · |y − x|

▲❛ ❢✉♥③✐♦♥❡ f : [a; b] → R r✐s✉❧t❛ q✉✐♥❞✐ ❧✐♣s❝❤✐t③✐❛♥❛ ✐♥ [a; b]✳ �

▲❛ ♥♦str❛ ❢✉♥③✐♦♥❡ ♥♦♥ è ♣❡rò ❞❡r✐✈❛❜✐❧❡ ✐♥ t✉tt♦ ✐❧ s✉♦ ❞♦♠✐♥✐♦ ✐♥❢❛tt✐ ♣r❡s❡♥t❛ ✐♥✜♥✐t✐
♣✉♥t✐ ❞✐ ♥♦♥ ❞❡r✐✈❛❜✐❧✐tà✱ ✐♥ ♣❛rt✐❝♦❧❛r❡ q✉❡st✐ s♦♥♦ ♣✉♥t✐ ❛♥❣♦❧♦s✐✱ ❝♦♠❡ ✈❡r✐✜❝❛t♦ ♥❡❧
♣❛r❛❣r❛❢♦ 3✳

❚❡♦r❡♠❛ ✷ ❙✐❛ I ❧✬✐♥t❡r✈❛❧❧♦ ♦tt❡♥✉t♦ ❞❛❧❧✬✉♥✐♦♥❡ ❞❡❧❧✬✐♥t❡r✈❛❧❧♦ I1 [a (I1) ; b (I1)] ❡ ❞❡❧✲

❧✬✐♥t❡r✈❛❧❧♦ I2 [a (I2) ; b (I2)] ❝♦♥ I1 ∩ I2 6= 0✳ ❙❡ ❧❛ ❢✉♥③✐♦♥❡ f : I → R è ❧✐♣s❝❤✐t③✐❛♥❛ s✐❛

s✉ I1 ❝❤❡ s✉ I2✱ ❛❧❧♦r❛ s❛rà ❧✐♣s❝❤✐t③✐❛♥❛ s✉ t✉tt♦ I✳

Dimostrazione.
❈♦♥s✐❞❡r✐❛♠♦ ❞✉❡ ♣✉♥t✐ x1 ❡ x2 t❛❧✐ ❝❤❡✿

x1, x2 ∈ I1

∨
x1, x2 ∈ I2
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❛❧❧♦r❛ ❧❛ ❞✐s❡❣✉❛❣❧✐❛♥③❛ |f ′ (x2)− f ′ (x1) | ≤ L · |x2 − x1| è ✈❡r✐✜❝❛t❛ ❞❛❧ ♠♦♠❡♥t♦ ❝❤❡
❡ss❛ è ✈❡r✐✜❝❛t❛ ♣❡r q✉❛❧s✐❛s✐ ♣✉♥t♦ x1, x2 ∈ I1 ∨ x1, x2 ∈ I2✳

❡ ✐♥✈❡❝❡ ✐ ❞✉❡ ♣✉♥t✐ x1 ❡ x2 s♦♥♦ t❛❧✐ ❝❤❡

x1 ∈ I1 6∋ x2

e

x1 6∈ I2 ∋ x2

❆❧❧♦r❛ x1 ≤ b (I1) ≤ x2 ❡ ♣♦✐❝❤é x2 ∈ I2 ❛❧❧♦r❛ a (I2) ≤ x2 P♦✐❝❤é ❛❜❜✐❛♠♦ ♥❡❝❡ss❛r✐❛✲
♠❡♥t❡ a (I2) ≤ b (I1) ♣❡r❝❤é ❛❧tr✐♠❡♥t✐ I r✐s✉❧t❡r❡❜❜❡ ❞✐s❣✐✉♥t♦ ❛❧❧♦r❛ ❛❜❜✐❛♠♦✿

x1 ≤ a (I2) ≤ b (I1) ≤ x2

P♦♥✐❛♠♦
x′ ∈ I1 ∩ I2

❛❧❧♦r❛ ❞❛❧ ♠♦♠❡♥t♦ ❝❤❡ x1 ∈ I1 ❡ x′ ∈ I1

∃L1 t❛❧❡ ❝❤❡ |f (x′)− f (x1) | ≤ L1 · |x′ − x1|

❡ ❞❛❧ ♠♦♠❡♥t♦ ❝❤❡ x′ ∈ I2 ❡ x2 ∈ I2

∃L2 t❛❧❡ ❝❤❡ |f (x2)− f (x′) | ≤ L2 · |x2 − x′|

❛❧❧♦r❛ ♣♦ss✐❛♠♦ ❞✐r❡

|f (x2)− f (x1) | ≤ |f (x2)− f (x′) |+ |f (x′)− f (x1) | ≤ L2 · |x2 − x′|+ L1 · |x′ − x1|

❙✐❛ L = max (L1, L2) ❛❧❧♦r❛ ♣♦ss✐❛♠♦ s❝r✐✈❡r❡

|f (x2)− f (x1) | ≤ |f (x2)− f (x′) |+ |f (x′)− f (x1) | ≤ L · (|x2 − x′ | + | x′ − x1|)

❉❛ ❝✉✐
|f (x2)− f (x1) | ≤ L · |x2 − x1|

▲❛ ❢✉♥③✐♦♥❡ f : I → R è q✉✐♥❞✐ ❧✐♣s❝❤✐t③✐❛♥❛✳ �

P♦ss✐❛♠♦ ♦ss❡r✈❛r❡ q✉✐♥❞✐ ❝❤❡ ✉♥❛ ❢✉♥③✐♦♥❡ f : I [a; b] → R ❝❤❡ ♣r❡s❡♥t❛ ✉♥ ♣✉♥t♦
❛♥❣♦❧♦s♦ ✐♥ xP ∈ I ❡ ❧✐♣s❝❤✐t③✐❛♥❛ s✐❛ ♥❡❧❧✬✐♥t❡r✈❛❧❧♦ [a; xP ] s✐❛ ♥❡❧❧✬✐♥t❡r✈❛❧❧♦ [xP ; b]✱ è ❧✐♣✲
s❝❤✐t③✐❛♥❛ ✐♥ t✉tt♦ I ✐♥❢❛tt✐ ✐❧ ❢❛tt♦ ❝❤❡ f ′

−
(xP ) 6= f ′

+ (xP ) ♥♦♥ ✐♥✢✉✐s❝❡ s✉❧❧❛ ❧✐♣s❝❤✐t③✐❛♥❡✐tà
❞❡❧❧❛ ❢✉♥③✐♦♥❡✳

❊s❡♠♣✐

❈♦♥s✐❞❡r✐❛♠♦ ❧❡ ❢✉♥③✐♦♥✐✿

g(x) = −|x− 1|+ 1

h(x) = − 3

√

(x− 1)2 + 1

i(x) = 3
√
x− 1 + 1

✶✺ 5
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▲❛ ❢✉♥③✐♦♥❡ g(x) ❤❛ ❣r❛✜❝♦✿

▲❛ s✉❛ ❞❡r✐✈❛t❛ è ♣❛r✐ ❛✿

g′(x) =

{

−1 s❡ x < 1

1 s❡ x ≥ 1

P♦ss✐❛♠♦ ♥♦t❛r❡ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ♣r❡s❡♥t❛ ✉♥ ♣✉♥t♦ ❞✐ ♥♦♥ ❞❡r✐✈❛❜✐❧✐tà ✐♥ x = 1 ✐♥❢❛tt✐
g′
−
(1) = lim

x→1−
−1 = −1

g′+(1) = lim
x→1+

1 = 1

■❧ ♣✉♥t♦ A (1; 1) è q✉✐♥❞✐ ✉♥ ♣✉♥t♦ ❛♥❣♦❧♦s♦✳
▲❛ ❢✉♥③✐♦♥❡ g (x) : I1 ]−∞; 1] → R✱ ❛✈❡♥❞♦ ❞❡r✐✈❛t❛ ♣r✐♠❛ g′ (x) = −1 è ❞❡r✐✈❛❜✐❧❡ ✐♥

]−∞; 1[ ❡ ❤❛ ❞❡r✐✈❛t❛ ❧✐♠✐t❛t❛ ✐♥ ]−∞; 1[✳ P❡r❝✐ò✱ ♣❡r ✐❧ t❡♦r❡♠❛ 1✱ è ❧✐♣s❝❤✐t③✐❛♥❛✳
❆❧❧♦ st❡ss♦ ♠♦❞♦ ❧❛ ❢✉♥③✐♦♥❡ g (x) : I2 [1; +∞[ → R✱ ❛✈❡♥❞♦ ❞❡r✐✈❛t❛ ♣r✐♠❛ g′ (x) = 1

è ❞❡r✐✈❛❜✐❧❡ ✐♥ ]1; +∞[ ❡ ❤❛ ❞❡r✐✈❛t❛ ❧✐♠✐t❛t❛ ✐♥ ]1; +∞[✳ P❡r❝✐ò✱ ♣❡r ✐❧ t❡♦r❡♠❛ 1✱ è
❧✐♣s❝❤✐t③✐❛♥❛✳

▲❛ ❢✉♥③✐♦♥❡ g (x) è q✉✐♥❞✐ ❧✐♣s❝❤✐t③✐❛♥❛ s✐❛ ✐♥ I1 s✐❛ ✐♥ I2✱ ❡❞ ❡ss❡♥❞♦ I1∩ I2 6= 0✱ ❛❧❧♦r❛
♣❡r ✐❧ t❡♦r❡♠❛ 2 ❧❛ ❢✉♥③✐♦♥❡ g(x) è ❧✐♣s❝❤✐t③✐❛♥❛ ♥❡❧❧✬✐♥t❡r✈❛❧❧♦ I ]−∞; +∞[

▲❛ ❢✉♥③✐♦♥❡ h (x) = − 3

√

(x− 1)2 + 1 ❤❛ ✐♥✈❡❝❡ ❣r❛✜❝♦✿

▲❛ ❞❡r✐✈❛t❛ ❞✐ h (x) è ♣❛r✐ ❛✿

h′ (x) = − 2

3 3
√
x− 1

P♦ss✐❛♠♦ ♥♦t❛r❡ ❝❤❡ ❛♥❝❤❡ q✉❡st❛ ❢✉♥③✐♦♥❡ ♣r❡s❡♥t❛ ✉♥ ♣✉♥t♦ ❞✐ ♥♦♥ ❞❡r✐✈❛❜✐❧✐tà ✐♥
x = 1✱ ✐♥❢❛tt✐

✶✻
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h′

−
(1) = lim

x→1−
− 2

3 3
√
x− 1

= − 2

3 · 0− = +∞

h′

+ (1) = lim
x→1+

− 2

3 3
√
x− 1

= − 2

3 · 0+ = −∞
▲❛ ❢✉♥③✐♦♥❡ h (x) ♣r❡s❡♥t❛ q✉✐♥❞✐ ✉♥❛ ❝✉s♣✐❞❡ ♥❡❧ ♣✉♥t♦ B (1; 1)
▲❛ ❢✉♥③✐♦♥❡ h (x) : I1 ]−∞; 1] → R è ❞❡r✐✈❛❜✐❧❡ ✐♥ ]−∞; 1[ ♠❛ ❧❛ s✉❛ ❞❡r✐✈❛t❛ ♥♦♥ è

❧✐♠✐t❛t❛ ✐♥ t✉tt✐ ✐ ♣✉♥t✐ ❞✐ ]−∞; 1[✱ ✐♥❢❛tt✐✱ ❝♦♠❡ ❛❜❜✐❛♠♦ ❛♣♣❡♥❛ ❞✐♠♦str❛t♦✱
h′

−
(1) = +∞✳

❆❧❧♦ st❡ss♦ ♠♦❞♦✱ ❧❛ ❢✉♥③✐♦♥❡ h (x) : I2 [1; +∞[ → R è ❞❡r✐✈❛❜✐❧❡ ✐♥ ]1; +∞[ ♠❛ ❧❛
s✉❛ ❞❡r✐✈❛t❛ ♥♦♥ è ❧✐♠✐t❛t❛ ✐♥ t✉tt✐ ✐ ♣✉♥t✐ ❞✐ ]1; +∞[✱ ✐♥❢❛tt✐✱ ❝♦♠❡ ❛❜❜✐❛♠♦ ❛♣♣❡♥❛
❞✐♠♦str❛t♦✱ h′

+ (1) = −∞✳
▲❛ ❢✉♥③✐♦♥❡ h (x) q✉✐♥❞✐✱ ♥♦♥ ❡ss❡♥❞♦ ❧✐♣s❝❤✐t③✐❛♥❛ ♥❡ s✉ I1 ♥❡ s✉ I2✱ ♥♦♥ s♦❞❞✐s❢❛ ❧❡

✐♣♦t❡s✐ ❞❡❧ t❡♦r❡♠❛ 2 ❡ ♣❡r❝✐ò ♥♦♥ è ❧✐♣s❝❤✐t③✐❛♥❛ ♥❡❧❧✬✐♥t❡r✈❛❧❧♦ I ]−∞; +∞[✳

■♥✜♥❡ ❧❛ ❢✉♥③✐♦♥❡ i(x) = 3
√
x− 1 + 1 ❤❛ ❣r❛✜❝♦✿

▲❛ ❞❡r✐✈❛t❛ ❞✐ i (x) è ♣❛r✐ ❛✿

i′ (x) =
1

3 3

√

(x− 1)2

P♦ss✐❛♠♦ ♥♦t❛r❡ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ♣r❡s❡♥t❛ ✉♥ ♣✉♥t✐ ❞✐ ♥♦♥ ❞❡r✐✈❛❜✐❧✐tà ✐♥ x = 1 ✐♥❢❛tt✐

i′
−
(1) = lim

x→1−

1

3 3

√

(x− 1)2
=

1

3 · 0+ = +∞

i′+(1) = lim
x→1+

1

3 3

√

(x− 1)2
=

1

3 · 0+ = +∞

▲❛ ❢✉♥③✐♦♥❡ i (x) ♣r❡s❡♥t❛ q✉✐♥❞✐ ✉♥ ✢❡ss♦ ❛ t❛♥❣❡♥t❡ ✈❡rt✐❝❛❧❡ ♥❡❧ ♣✉♥t♦ C (1; 1)✳
▲❛ ❢✉♥③✐♦♥❡ i (x) : I1 ]−∞; 1] → R è ❞❡r✐✈❛❜✐❧❡ ✐♥ ]−∞; 1[♠❛ ❧❛ s✉❛ ❞❡r✐✈❛t❛ i′ (x) ♥♦♥ è

❧✐♠✐t❛t❛ ✐♥ t✉tt✐ ✐ ♣✉♥t✐ ❞✐ ]−∞; 1[ ✐♥❢❛tt✐✱ ❝♦♠❡ ❛❜❜✐❛♠♦ ❛♣♣❡♥❛ ❞✐♠♦str❛t♦✱ i′
−
(1) = +∞✳

❆❧❧♦ st❡ss♦ ♠♦❞♦ ❧❛ ❢✉♥③✐♦♥❡ i (x) : I2 [1; +∞[ → R è ❞❡r✐✈❛❜✐❧❡ ✐♥ ]1; +∞[ ♠❛ ❧❛ s✉❛
❞❡r✐✈❛t❛ i′ (x) ♥♦♥ è ❧✐♠✐t❛t❛ ✐♥ t✉tt✐ ✐ ♣✉♥t✐ ❛♣♣❛rt❡♥❡♥t✐ ❛❧❧✬✐♥t❡r✈❛❧❧♦ ]1; +∞[ ✐♥❢❛tt✐✱
❝♦♠❡ ❛❜❜✐❛♠♦ ❛♣♣❡♥❛ ❞✐♠♦str❛t♦✱ i′+(1) = +∞✳

✶✼
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▲❛ ❢✉♥③✐♦♥❡ i (x) q✉✐♥❞✐✱ ♥♦♥ ❡ss❡♥❞♦ ❧✐♣s❝❤✐t③✐❛♥❛ ♥❡ s✉ I1 ♥❡ s✉ I2✱ ♥♦♥ s♦❞❞✐s❢❛ ❧❡
✐♣♦t❡s✐ ❞❡❧ t❡♦r❡♠❛ 2 ❡ ♣❡r❝✐ò ♥♦♥ è ❧✐♣s❝❤✐t③✐❛♥❛ ♥❡❧❧✬✐♥t❡r✈❛❧❧♦ I ]−∞; +∞[✳

◗✉✐♥❞✐ ♥♦♥♦st❛♥t❡ t✉tt❡ ❡ tr❡ ❢✉♥③✐♦♥✐ ♣r❡s❡♥t✐♥♦ ✉♥ ♣✉♥t♦ ❞✐ ♥♦♥ ❞❡r✐✈❛❜✐❧✐tà ✐♥ x = 1✱
s♦❧♦ ❧❛ ❢✉♥③✐♦♥❡ g (x)✱ ❞♦✈❡ q✉❡st♦ ♣✉♥t♦ è ✉♥ ♣✉♥t♦ ❛♥❣♦❧♦s♦✱ è ❧✐♣s❝❤✐t③✐❛♥❛✳

▲❛ ❢✉♥③✐♦♥❡ ❞✐ ❝❛r✐❝❛ ❡ s❝❛r✐❝❛ ❞✐ ✉♥ ❝✐r❝✉✐t♦ ❘▲ q✉✐♥❞✐ ♣✉ò ❡ss❡r❡ ❞❡✜♥✐t❛ ❧✐♣s❝❤✐t③✐❛♥❛
♥♦♥♦st❛♥t❡ ♣r❡s❡♥t✐ ❞❡✐ ♣✉♥t✐ ❛♥❣♦❧♦s✐✱ ♣✉♥t✐ ❞✐ ♥♦♥ ❞❡r✐✈❛❜✐❧✐tà✳ ❈❡r❝❤✐❛♠♦ q✉✐♥❞✐ ❧❛
❝♦st❛♥t❡ ❞✐ ▲✐♣s❝❤✐t③ ❞❡❧❧❛ ❢✉♥③✐♦♥❡✳

P♦ss✐❛♠♦ ♥♦t❛r❡ ❞❛❧ ❣r❛✜❝♦ ❝❤❡ ✐♥ ❝✐❛s❝✉♥ r❛♠♦ ❞✐ ❝❛r✐❝❛ ✐❧ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ❞❡❧ ❝♦❡✣✲
❝✐❡♥t❡ ❛♥❣♦❧❛r❡ ❞❡❧❧❛ r❡tt❛ t❛♥❣❡♥t❡ ❛❧❧❛ ❢✉♥③✐♦♥❡ ✐♥ ✉♥ s✉♦ ♣✉♥t♦ è ♠❛ss✐♠♦ ♥❡❧ ♣✉♥t♦ ❞✐
♠✐♥✐♠♦ mn ✐♥ ❝✉✐ ✐♥✐③✐❛ t❛❧❡ r❛♠♦✳

❆❧❧♦ st❡ss♦ ♠♦❞♦✱ ✐♥ ❝✐❛s❝✉♥ r❛♠♦ ❞✐ s❝❛r✐❝❛ ✐❧ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ❞❡❧ ❝♦❡✣❝✐❡♥t❡ ❛♥❣♦❧❛r❡
❞❡❧❧❛ r❡tt❛ t❛♥❣❡♥t❡ ❛❧❧❛ ❢✉♥③✐♦♥❡ ✐♥ ✉♥ s✉♦ ♣✉♥t♦ è ♠❛ss✐♠♦ ♥❡❧ ♣✉♥t♦ ❞✐ ♠❛ss✐♠♦ Mn ✐♥
❝✉✐ ✐♥✐③✐❛ t❛❧❡ r❛♠♦✳

❉❛❧ ❣r❛✜❝♦ s✐ ♣✉ò ✐♥♦❧tr❡ ✈❡❞❡r❡ ❝♦♠❡ ✐❧ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ❞❡❧❧❡ ❞❡r✐✈❛t❡ ❞❡str❡ ❛ ❝✐❛s❝✉♥
♣✉♥t♦ ❞✐ ♠✐♥✐♠♦ | f ′

+ (mn) | ❞✐♠✐♥✉✐s❝❛ ♠❛♥ ♠❛♥♦ ❝❤❡ s✐ ♣r♦s❡❣✉❡ ♥❡❧ ✈❡rs♦ ❞❡❧❧✬❛ss❡
x✳ ❆♥❛❧♦❣❛♠❡♥t❡ ✐❧ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ❞❡❧❧❡ ❞❡r✐✈❛t❡ ❞❡str❡ ❛ ❝✐❛s❝✉♥ ♣✉♥t♦ ❞✐ ♠❛ss✐♠♦
| f ′

+ (Mn) | ❞✐♠✐♥✉✐s❝❡ ♠❛♥ ♠❛♥♦ ❝❤❡ s✐ ♣r♦s❡❣✉❡ ♥❡❧ ✈❡rs♦ ❞❡❧❧✬❛ss❡ x✳
■❧ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ❞❡❧ ❝♦❡✣❝✐❡♥t❡ ❛♥❣♦❧❛r❡ ♠❛ss✐♠♦ ❞❡❧❧❡ t❛♥❣❡♥t✐ ❛✐ r❛♠✐ ❞✐ ❝❛r✐❝❛

è q✉✐♥❞✐ ♣❛r✐ ❛❧❧❛ ❞❡r✐✈❛t❛ ❞❡❧❧❛ ❢✉♥③✐♦♥❡ ✐♥ O (0 : 0)✳ ■❧ ✈❛❧♦r❡ ❛ss♦❧✉t♦ ❞❡❧ ❝♦❡✣❝✐❡♥t❡
❛♥❣♦❧❛r❡ ♠❛ss✐♠♦ ❞❡❧❧❡ t❛♥❣❡♥t✐ ❛✐ r❛♠✐ ❞✐ s❝❛r✐❝❛ è ✐♥✈❡❝❡ ♣❛r✐ ❛❧❧❛ ❞❡r✐✈❛t❛ ❞❡str❛ ❞❡❧❧❛
❢✉♥③✐♦♥❡ ✐♥ M1 (5τ ; (1− e−5))✳ ▲❡ ❝♦♥❢r♦♥t✐❛♠♦ ♣❡r st❛❜✐❧✐r❡ q✉❛❧❡ ❞❡❧❧❡ ❞✉❡ s✐❛ ♠❛❣❣✐♦r❡✿

|f ′ (0) | =
∣

∣

∣

∣

V0

τe
0
τ

∣

∣

∣

∣

=

∣

∣

∣

∣

V0

τ · 1

∣

∣

∣

∣

=
V0

τ

|f ′

+ (5τ) | =
∣

∣

∣

∣

− V0

τ
e

5τ
τ
+ln(e5−1)

∣

∣

∣

∣

=

∣

∣

∣

∣

− V0

τ
e−5+ln(e5−1)

∣

∣

∣

∣

=

∣

∣

∣

∣

− V0

τ
eln(1−e−5)

∣

∣

∣

∣

=
(

1− e−5
)

· V0

τ

❉❛❧ ♠♦♠❡♥t♦ ❝❤❡ 1− e−5 < 1 ❧❛ ❞❡r✐✈❛t❛ r✐s✉❧t❛ ♠❛ss✐♠❛ ♥❡❧ ♣✉♥t♦ O (0; 0) ❡ q✉✐♥❞✐

L =
V0

τ

✼ ❈♦♥❝❧✉s✐♦♥❡

◆❡❧ ♥♦str♦ ❧❛✈♦r♦ s✐❛♠♦ ♣❛rt✐t✐ ❞❛❧❧❡ ❝❧❛ss✐❝❤❡ ❢✉♥③✐♦♥✐ ❞✐ ❝❛r✐❝❛ ❡ s❝❛r✐❝❛ ❞✐ ✉♥ ❝✐r❝✉✐t♦
❘▲ ❡ ❝✐ s✐❛♠♦ r❡s✐ ❝♦♥t♦ ❝❤❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥ ✐♠♣✉❧s♦ ♣❛r✐ ❛ 5τ ✱ ❡ss❡ ♣r❡s❡♥t❛♥♦ ✉♥
♣✉♥t♦ ❞✐ ❞✐s❝♦♥t✐♥✉✐tà ✐♥ x = 5τ ✿ ❛❜❜✐❛♠♦ q✉✐♥❞✐ ❝❡r❝❛t♦ ❞✐ tr♦✈❛r❡ ✉♥❛ s♦❧✉③✐♦♥❡ ❛
q✉❡st♦ ♣r♦❜❧❡♠❛ ❡ ❝✐ s✐❛♠♦ ❝❤✐❡st✐ s❡ ❝✐ò s✐ r✐♣r❡s❡♥t❛ss❡ ❛♥❝❤❡ ♥❡❧❧❡ ❝❛r✐❝❤❡✴s❝❛r✐❝❤❡
s✉❝❝❡ss✐✈❡✳ ❆❜❜✐❛♠♦ q✉✐♥❞✐ ❝♦str✉✐t♦ ✉♥❛ ❢✉♥③✐♦♥❡ ❝❤❡ ♣♦ss❛ ❞❡s❝r✐✈❡r❡ ✉♥❛ ❝❛r✐❝❛✴s❝❛r✐❝❛
n ❡ ❛❜❜✐❛♠♦ ♥♦t❛t♦ ❛❧❝✉♥❡ ♣❛rt✐❝♦❧❛r✐tà ❞❡✐ ♠❛ss✐♠✐ ❡ ❞❡✐ ♠✐♥✐♠✐ ❞✐ q✉❡st❛ ❢✉♥③✐♦♥❡✳ ■♥✜♥❡
❛❜❜✐❛♠♦ ♥♦t❛t♦ ❝❤❡ ❧❛ ❢✉♥③✐♦♥❡ ❡r❛ ❧✐♣s❝❤✐t③✐❛♥❛ ❡ ❧♦ ❛❜❜✐❛♠♦ ❞✐♠♦str❛t♦ s❢r✉tt❛♥❞♦ ❞❡❧❧❡
❝❛r❛tt❡r✐st✐❝❤❡ t✐♣✐❝❤❡ ❞✐ q✉❡st♦ t✐♣♦ ❞✐ ❢✉♥③✐♦♥✐✳

✶✽
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◗✉❡st♦ ❧❛✈♦r♦✱ ♥♦♥♦st❛♥t❡ s✐❛ st❛t♦ ♠♦❧t♦ ✐♠♣❡❣♥❛t✐✈♦✱ ❝✐ ❤❛ ♣❡r♠❡ss♦ ❞✐ ❛♥❛❧✐③③❛✲
r❡ ❡ ❛♣♣r♦❢♦♥❞✐r❡ ❛❧❝✉♥✐ ❛r❣♦♠❡♥t✐ ❡ ❝❛♣✐r❡ ❧❛ ♠❡♥t❛❧✐tà ♥❡❝❡ss❛r✐❛ ✐♥ ✉♥ r❛❣✐♦♥❛♠❡♥t♦
♠❛t❡♠❛t✐❝♦✱ ❞❛♥❞♦♠✐ ❛♥❝❤❡ ❧❛ ♣♦ss✐❜✐❧✐tà ❞✐ ❛✈✈✐❝✐♥❛r♠✐ ❛❧ ♠♦♥❞♦ ❞❡✐ ♠✐❡✐ ♣r♦ss✐♠✐ st✉❞✐✳

✶✾
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✽ ❇✐❜❧✐♦❣r❛✜❛ ❡ s✐t♦❣r❛✜❛

• ❏✳❲❆▲❑❊❘ ❉❛❧❧❛ ♠❡❝❝❛♥✐❝❛ ❛❧❧❛ ✜s✐❝❛ ♠♦❞❡r♥❛✱ ▼✐❧❛♥♦✲❚♦r✐♥♦✱ P❡❛rs♦♥ ■t❛❧✐❛✱
✷✵✶✹✱ ✈♦❧✳ ✸✳

• ▲✳ ▲❊❈❈■✱ ✇✇✇✳♠❛t❡♠❛t✐❝❛❡s❝✉♦❧❛✳✐t✳
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